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Abstract
We report a camera system, associated motorized opto-mechanics, and data handling routines
for imaging the three-dimensional structure of singularities within scalar and vector optical
fields. Using Fourier techniques to analyse a series of cross-sectional images, we measure either
the relative phase or state of polarization of monochromatic fields and analyse this for the
identification and mapping of their associated singularities.
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1. Introduction

Any complicated optical field can be Fourier decomposed
into a sum of complex plane waves propagating in different
directions, i.e. distributed in k-space. For plane waves with
the same polarization, the resulting interference pattern has
cross-sections that contain many points of perfect destructive
interference [1]. The most familiar example of interference
between multiple plane waves with random directions is optical
speckle [2]. Examination of each dark region reveals points of
complete darkness—nodes—around which the optical phase
of the light varies by ±2π , with a phase singularity at the
centre [3]. This phase gradient gives rise to an azimuthal
component of the Poynting vector and hence of the associated
energy and momentum flow. Consequently, these singularity
points are also called optical vortices [4]. The azimuthal
momentum flow is an example of optical orbital angular
momentum [5], although this is a property of the light
surrounding the singularity, not the vortex itself (whose
intensity is zero).

The optical field, of course, extends into three dimensions
on either side of the imaged cross-section. Hence, the optical
vortex points are truly vortex lines embedded in the field,
potentially forming both closed loops and unbounded, infinite
lines [6]. Such fields with uniform polarization are expressed
as a superposition of scalar waves, but in general light also has
spatially varying polarization. The resulting vector field can
be expressed as the sum of two orthogonally polarized fields,

each of which is described by a scalar field. Although it is
usual to express vector fields in terms of their orthogonally
linearly polarized components (e.g. x- and y-components), in
our case it is more convenient to think of the vector field as
composed of right- and left-handed circularly polarized fields.
In this situation, the phase singularities (and hence nodal lines)
of the right-handed field correspond to positions in the vector
field that have pure left-handed circular polarization. Similarly,
nodal lines in the left-handed field are lines of pure right-
handed circular polarization. These lines of pure circular
polarization are called C lines [7], and they can be further
classified by the geometry of the polarization ellipses around
their immediate vicinity into stars, lemons, and monstars.
For paraxial fields, separating regions of opposite handedness,
there always lie surfaces of pure linear polarization: L surfaces.
These C lines and L surfaces are the generic singularities of
polarized light [7]. From the representation of C lines as the
phase singularities of a circularly polarized component of the
field, many of their properties mirror those of scalar fields. For
example, the fractal properties of the vortex lines within scalar
speckle fields are matched by the C lines within vector speckle
fields [8].

In recent years a number of groups have made
predictions [9, 10] and measurements [11–14] on the
singularities within complicated optical fields, studying their
phase and polarization structures, with particular emphasis on
their singularities. In this paper, we present the details of
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Figure 1. Intensity measurements, after Fourier filtering, in the image plane of the spatial light modulator (SLM) obtained while trying to
produce a Hermite–Gaussian mode (m = 1, n = 1), (a) without and (b) with intensity modulation. The hologram designs displayed on the
SLM to generate beams (a) and (b) are shown in (c) and (d); greyscale represents ϕ = [−π,+π].

our own imaging systems and associated algorithms for robust
identification of these singular lines, surfaces, and associated
topological structures in three dimensions.

2. Creation of general three-dimensional fields

A technology that has revolutionized the generation of specific
beam superpositions is that of spatial light (phase) modulators
(SLMs). These devices are based on liquid crystal cells that
can be electrically addressed with a space- and time-dependent
pattern, such that an arbitrary phase structure can be imprinted
upon a diffracted beam. Such devices are diffractive optical
components, the design of which can be updated at video
frame rates. As with most diffractive optics, the SLM is
typically illuminated with a spatially coherent plane wave and
the desired beam is created as the resulting far-field diffraction
pattern. One drawback of diffractive optics is that limitations in
the technology result in the light being diffracted into a number
of different diffraction orders. If used on-axis, these orders
overlap and significantly degrade the fidelity of the resulting
beam. It is therefore standard practice to use an SLM off-
axis, where a linear phase grating is added to the desired
phase distribution such that the various diffraction orders are
angularly dispersed and the unwanted orders can be removed
with a spatial filter.

When used off-axis, a phase-only SLM can in fact be
used to control both the phase and intensity cross-section of
the diffracted beam. The first step of the hologram design
is to calculate the desired phase cross-section of the beam
in the target plane, to which is added a linear phase ramp
so that the various diffraction orders are angularly dispersed.
The contrast of this overall phase pattern is then modulated
in accordance to the desired intensity distribution of the target
plane, so that unwanted intensity in the bright regions of the
incident beam is directed into the zero diffraction order. In this
configuration, the SLM is positioned in an image plane of the
desired distribution, rather than the Fourier plane. The obvious
limitation of this approach is the dynamic range in intensity
that can be accommodated cannot exceed the dynamic range
of the SLM, typically of order 100:1 (see figure 1).

We note two further aspects of this approach. First,
the phase accuracy of the diffracted beam is dependent upon
the spatial resolution of the SLM, where errors in phase

influence the relative power in each diffraction order and
hence the intensity distribution. Second, in regions of the
holographically created beam where the desired intensity is
low, the resulting hologram design has a uniform phase, and
hence the light incident at those positions is dumped into
the zero order. This means that the ability to control the
intensity of the beam as well as its phase is achieved only at
the expense of overall diffraction efficiency. Previously, we
have used this approach to generate precise superpositions of
Laguerre–Gaussian beams required to produce vortex knots
and links [15] and non-integer orbital angular momentum
beams [16].

3. Interferometric imaging of three-dimensional
fields

At optical frequencies, direct measurement of optical phase
is impossible. It must be inferred from interferometric
techniques; a convenient solution is again provided by use of
the SLM. The relative phase of the first-order diffracted beam
can be precisely controlled by the phase of the blazing ramp
added to disperse the orders: shifting the fringes sideways
advances the phase difference between the first and zero
orders. Precise and reproducible phase shifts can be created
by software control of the SLM [17]. Subsequent overlap
between the first-order beam and the zero-order beam, or a
beam derived from the source via a beam splitter, forms an
interferogram within which the fringes can be advanced by
explicit control of the phase of the carrier wave within the
hologram design. In principle, the phase can be recovered
by recording only three interferograms; however, sensitivity
to noise is problematic. This is particularly true in the low
intensity regions surrounding the optical vortices, i.e. the very
places where one is most interested in determining the phase
structure! To overcome this problem we typically record
interferograms generated by 8 or 16 phase steps within the
2π range. Every pixel in the resulting series of images
undergoes a sinusoidal intensity modulation, the depth of
which is dependent upon the relative intensity of the generated
and reference beams, and the phase of which upon their relative
phases. This phase value is readily recovered from the Fourier
transform of the 8 or 16 intensity values, one Fourier transform
for every pixel in the cross-section, i.e.

�pixel = arg(�1(Iφ1, Iφ2, . . . , IφN )) (1)
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Figure 2. Recovery of the phase of a simple Laguerre–Gaussian beam from multiple phase stepped images. (a) A series of images formed
from the interference of a Laguerre–Gaussian mode (λ = 1) with a collinear plane wave with a phase delay 0, π/4, π/2 etc. (b) The
corresponding sinusoidal variation intensity recorded at the highlighted positions (whereas the contrast of these fringes depends upon the
relative intensity of the two beams, the phase of the modulation depends only their relative phase). (c) The intensity cross-section of the
Laguerre–Gaussian mode, where the phase at the highlighted positions is known from the phase of the corresponding intensity variations
in (b). These phase measurement can be performed for all the pixels in the image.

where arg(�1(Iφ1, Iφ2 · · · IφN )) is the argument of the
fundamental component of the Fourier transform of the N
phase stepped pixel intensities (see figure 2).

We find that the performance of our system (see figure 3)
is dramatically improved by using a high-quality CCD detector
array with 12-bit digitization, which is capable of recording
fringes over a wider dynamic range than would be possible
with an 8-bit camera. We use a computer control to step the
phase of the SLM, acquire the 8–16 images over a period of
a few seconds, and then Fourier transform the individual pixel
values, giving the phase cross-section wrapped into the −π to
+π phase range.

After it has measured the phase cross-section in one x, y
transverse plane, the camera, which is mounted on a motorized
stage, is moved in z to an adjacent plane and the process is
repeated. To compensate for any mechanical misalignment
we register each plane against the next by applying a slight
transverse shift to the data to maximize the cross-correlation
between the two planes. In this way a three-dimensional voxel
data cube containing a complete phase map is obtained.

4. Data analysis of three-dimensional interference
data

Before applying any data analysis to this phase structure we
typically smooth our data with a three-dimensional kernel
of a few voxels. Of course, the phase pattern contains
singularities, so smoothing of raw phase data is problematic.

Therefore, we instead express the field in terms of its real
and imaginary components, both of which vary continuously
and smoothly over the entire volume, on a length scale which
is comparable to the correlation length of the complex field.
The resulting vortex lines are simply the intersections of the
surfaces on which these real and imaginary fields are zero
(see figure 4). Consequently, we apply a low-pass smoothing
filter kernel separately to both the real and imaginary field
components. This filtering smooths the measured data without
significantly perturbing the resulting vortex structure. After
this indirect smoothing of the phase data, it is a simple
matter to inspect each x, y phase cross-section for vortex
positions by examining every 3 × 3 grid of pixels for a phase
change of ±2π around a small loop (see figure 5). This
technique has been used previously in identifying vortices in
near-field microscopy [18]. Providing that the vortex line
direction is approximately along the z-direction, this procedure
identifies the vortex signs (handedness) as well as positions.
However, when the vortex line direction is in the x, y plane
(perpendicular to z), the apparent displacement of the vortex
when moving from one x, y plane to the next can be extremely
high. To overcome this limitation, and taking advantage of the
three-dimensional nature of the data, it is possible to repeat the
identification of vortex positions by sectioning the data in the
other orthogonal cross-sections, i.e. x, z and y, z. Typically
these additional searches identify the places where vortex lines
reverse direction with respect to the z-axis. These ‘hairpins’
are exactly the positions where clockwise and anticlockwise
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Figure 3. Experimental apparatus for recording the three-dimensional phase and intensity structure of an optical field created by a spatial light
modulator. The desired plane of the intensity cross-section can be set by adjusting the position of the translation stage, setting the length of the
delay line. A shutter allows the optional interference with a plane wave reference beam.

Figure 4. The complex field has surfaces where the real and
imaginary components are zero. Along the lines where these surfaces
intersect, the magnitude of the field is zero, the phase is hence
singular, and the phase around the line changes by 2π (an optical
vortex). The sense of the crossing sets the sign of the vortex line.
Although the phase distribution contains these singularities, the
surfaces are smoothly varying and therefore can be smoothed using
standard low filtering techniques.

vortex lines (whose sense is defined with respect to the z-
axis) meet [19]. Such meeting points are often referred to as
points of vortex pair creation and annihilation [20], although
this temporal language is strictly not appropriate to temporally
static vortex lines.

5. Image analysis of three-dimensional vector fields

The same approach is readily extended to cover the analysis
of vector beams, albeit coherent ones which are fully
polarized. Specific vector beams can be created with an SLM,

Figure 5. Within the phase data for any cross-section, an optical
vortex can be located by considering the phase change around a
small loop of pixels. Loop (a) encompasses an optical vortex and
corresponding change in phase (graph a) shows a variation of ±2π .
Loop (b) does not encompass an optical vortex and the associated
phase change (graph b) does not reach 2π .

using a split-screen configuration where two kinoforms are
designed, one for each orthogonal polarization component,
which are subsequently superimposed using a polarizing beam
splitter [21]. However, by whatever means they are created,
vector beams can be analysed by placing a rotating polarizer
immediately in front of the CCD imager. When illuminated
with a vector field, the intensity of each pixel in the image
undergoes a sinusoidal modulation with respect to the polarizer
orientation. The contrast of the modulation is proportional to
the ellipticity of polarization (epixel) and with a relative phase
depending upon the orientation azimuth of the polarization
ellipse (αpixel) [22],

epixel = mag(�2(Iϑ1, Iϑ2, . . . , Iϑ N ))

2 mag(�0(Iϑ1, Iϑ2, . . . , Iϑ N ))
(2)

αpixel = arg(�2(Iϑ1, Iϑ2, . . . , Iϑ N )) (3)
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Figure 6. Modelled and experimental results of a Laguerre–Gaussian beam as it propagate for three Rayleigh ranges away from the beam
waist. The surfaces are those of constant intensity and the central red line indicates the on-axis optical vortex, the position of which is deduced
from the phase cross-sections.

where mag(�0(Iϑ1, Iϑ2, . . . , Iϑ N )) is the magnitude of the DC
component and arg(�2(Iϑ1, Iϑ2, . . . , Iϑ N )) is the argument of
the second component of the Fourier transform of the pixel
intensities in N images taken in one full rotation of the
polarizer. (Note that, for one rotation of the polarizer, the
intensity undergoes two sinusoidal cycles.)

An equivalent approach giving the Stokes parameters S0,
S1, and S2 of the field is

S0 = √
2/πmag(�0(Iϑ1, Iϑ2, . . . , Iϑ N )) (4)

S1 + iS2 = √
2/πmag(�2(Iϑ1, Iϑ2, . . . , Iϑ N )). (5)

Places of pure circular polarization have no corresponding
intensity modulation, and right-handed circularly polarized
light cannot be distinguished from left-handed. This ambiguity
is resolved by inserting a λ/4 waveplate into the beam, and
rotating the polarizer again.

From these measurements, the final Stokes parameter S3

is found:

S3 = √
2/πmag(�λ/4

2 (Iϑ1, Iϑ2, . . . , Iϑ N )). (6)

It is therefore straightforward to distinguishing regions of
right-handed circular and elliptic polarization from left-handed
ones.

The L surfaces of the field (singularities where the
polarization is purely linear) can be found by plotting the zeros
of the ellipticity in three dimensions, and the C lines where

the polarization is purely circular are found as the singularities
of the orientation angle α and are identified in a way similar
to the phase singularities in the scalar case, i.e. by computing
loop integrals of α around each pixel. The morphological
type of a C point is defined with respect to the polarization
lines (curves whose tangent is the polarization ellipse axis) in
their immediate vicinity. Plotting the angle of the polarization
ellipse against the angular position reveals either a monotonic
trend or a function containing a point of inflection from
which the lemon or monstar nature of the C point can be
determined [23]. These properties may also be calculated from
first-order derivatives of the Stokes parameters [8, 10].

6. Identifying singularity features of either scalar or
vector fields

We are interested in identifying the scalar and vector point
singularities in neighbouring planes such that they form curved
lines in space. In principle, one can adopt a simple iterative
algorithm whereby every single singularity point is associated
with its nearest neighbour. However, with singularity data from
experiments, this can lead to problems where vortex points are
missed or where noise gives rise to several nearby vortices. We
typically follow a vortex line by associating every vortex point
within a small volume of voxels (typically 4 × 4) as belonging
to the same three-dimensional line. In looking for the next
position along the line we favour the points in the direction for
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Figure 7. Experimental results of the elliptic umbilic diffraction catastrophe. (a) Three intensity cross-sections taken at the marked planes.
(b) A schematic of the whole catastrophe. (c) A view along the propagation axis of a section of the catastrophe where the vortex loops are
shown in green and the unbounded vortex lines in red.

which the vortex line does not change significantly. However,
if the vortex line is highly curved, or approaches previously
traced (and removed lines), it is possible that a short section of
the vortex line is missing. This termination of the vortex line
is non-physical and leads to incomplete identification of the
feature. Consequently, in this situation, the search volume is
extended voxel by voxel until a vortex position of appropriate
handedness is found, and the feature identification continues
from that point.

In the rare situation in which two line features intersect,
an allowed path of the scalar singularity line is one in which
it either continues in the same z-direction without changing
its sign with respect to the x, y plane, or where it reverses
its direction in z and changes its sign. Both these options
are compatible with the physical constraints and, if necessary,
a choice is resolved by an arbitrarily random decision. This
unsatisfactory role of chance reflects the fact that the precise
topology is highly sensitive to perturbation of the fields and
hence either is physically acceptable. For vector fields, if the
singularity changes direction with respect to the z-axis it must
be associated with a transition from star to lemon.

7. Experimental results

In interferometric form we have used slight variants of this
apparatus to examine the phase and associated vortex structure
of both specifically created modal superpositions, including
those giving rise to vortex links and knots [15] and random
superpositions resulting from speckle fields [6]. Figure 6
shows the theoretically modelled and measured intensity
distribution and phase/vortex structure of the simple example
of a Laguerre–Gaussian beam propagating over three Rayleigh
ranges from its beam waist. We see close agreement of the
modelled and measured structures.

Figure 7 shows intensity cross-sections and vortex
structure of the elliptic umbilic diffraction catastrophe created
by the focusing of a planar waved light beam with a lens
of triangular form, recreating holographically the classic
experiments of Berry et al [24].

Figure 8. Replacing the beam splitter in figure 3 with a mirror, and
inserting a rotating polarizer immediately prior to the camera
converts the apparatus into one that analyses the polarization state of
vector fields. This figure shows the polarization state of the light after
transmission through a glass plate under stress. In this case the plane
of the plate is imaged to the plane of the camera. Lemon and star
type C points are green and red dots, respectively. The L lines are
drawn in yellow.

In polarimetry we have used variants of this apparatus to
examine the polarization structure and associated C lines and L
surfaces in both random vector fields [7] and fields created by
complicated polarizing optical components. Figure 8 shows
a polarization cross-section of the light beam transmitted
through a stressed glass plate [25].

8. Conclusions

We have shown that it is possible to image the three-
dimensional structure of both scalar and vector fields with
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sufficient accuracy to confirm and indeed challenge the
predictions of associated singularity theory. Key to the
success of this approach is the use of high dynamic range
imaging cameras, allowing interferometric or polarization
data to be acquired over a wide dynamic range of optical
intensity. Furthermore, care needs to be taken over appropriate
algorithms for pre-data processing. For example, we
independently smooth the real and imaginary components of
the scalar field (or the Stokes parameters in the vectorial case),
to minimize noise whilst not unduly perturbing the singularity
structure.
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